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We analyze the reading and initialization of a topological qubit encoded by Majorana fermions in
one-dimensional semiconducting nanowires, weakly coupled to a single level quantum dot (QD). It is
shown that when the Majorana fermions are fused by tuning gate voltage, the topological qubit can
be read out directly through the occupation of the QD in an energy window. The initialization of
the qubit can also be realized via adjusting the gate voltage on the QD, with the total fermion parity
conserved. As a result, both reading and initialization processes can be achieved in an all-electrical
way.
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Topological computation based on Majorana fermions
(MFs) has attracted much interest recent years [1]. By
nonlocally encoding quantum information in pairs of sep-
arated MFs, most types of decoherence caused by lo-
cal perturbations may be successfully avoided [2]. Be-
sides immune to decoherence, the MFs are non-Abelian
anyons, implying that quantum computing can be real-
ized by just braiding them. Stimulated by these elegant
ideas, the pursuit of MFs in solid state systems has last
for years [3]. So far, there already exist a lot of theo-
retical proposals, such as the ν = 5/2 fractional quan-
tum Hall state [4], p-wave superconductors [2, 5], the
surface states of topological insulator with proximity to
an s-wave superconductor [6], one-dimensional semicon-
ducting nanowires (SNW) [7], and so on. Notably, ele-
mentary progress has been made in experiments on SNW
most recently [8], which makes the MF based topological
computation really promising.
If the building blocks of MFs finally become true, and
braiding operations are also achieved in this promising
system of SNW, as predicted by Alicea et. al. [9], how
to read out and initialize topological qubits will be an-
other challenge towards the MF based topological quan-
tum computation. The difficulty of detecting the topo-
logical qubits hides exactly in their robustness, for the
detection itself is actually a special decoherence process.
There already exist several proposals, including using the
interferometry [10], fractional Josephson effects [11], cou-
pling with normal qubits [12] or utilizing quantum dots
(QDs) and a tunable flux [13]. While these methods may
play important roles during the exploratory stage, for the
final purpose of large scale implementation, more practi-
cal and efficient proposals are still highly demanded.
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FIG. 1. Illustration of the proposed setup. (a) A semicon-
ducting nanowire in the topological superconducting phase
supports a pair of MFs γ1,2 located at the ends. The gate
voltage VS deposited on the nanowire can be used to adjust
the coupling between two MFs. A QD D is coupled to γ1 on
the left side, with its energy level tuned by the gate VD. (b) A
more practical structure composed by four MFs γ1,··· ,4, two
QDs D1,2 and also four gates VS1,2, VD2,2.
Here we propose to read out and initialize a topolog-
ical qubit in SNW by using single level QDs. We show
that by coupling two MFs through gate voltage, which
removes the parity degeneracy, the topological qubit can
be directly measured through the occupation of the QD
in an energy window. The initialization process can also
be achieved by tuning the gate voltage of the QD.
We start from a simple case, where the topological
qubit is carried by only one pair of MFs, as sketched
in Fig. 1(a). An SNW is set into the nontrivial topolog-
ical superconducting phase, where a pair of MFs γ1, γ2
are located at the ends of the wire. The MF is a neutral
quasiparticle, which is its own anti-particle, or mathe-
matically, γ†1,2 = γ1,2. A usual Dirac fermion f can be
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2defined by them through the relation f = (γ1 + iγ2)/2.
The gate voltage VS applied on the SNW can control the
coupling strength between γ1 and γ2 [9], which can be
modeled by an effective Hamiltonian [1]
HM = i
EM
2
γ1γ2, (1)
where EM is the quasiparticle excitation energy due to
the coupling between the two MFs and a coefficient 1/2
is from the particle-hole redundancy. In the absence of
coupling between MFs, the excitation energy of quasi-
particle is zero, which leads to degeneracy of the ground
states. Such a coupling will lift the degeneracy, and it is
an essential step of the detection of the topological qubit
[11, 13].
A single level QD is weakly coupled to the Majorana
bound state γ1, which leads to electron tunneling between
the QD and SNW. Note that the much weaker coupling
to γ2 can be dropped, without changing the main results.
Such coupling between usual fermion and MF can be ex-
pressed by the tunneling Hamiltonian as [13]
HT = Γ(c
† − c)γ1, (2)
where Γ is the tunneling strength, which has been set
real for simplicity, since its phase is not important here,
and c is the fermion operator of the QD.
Finally, the total Hamiltonian can be obtained by com-
bining the unperturbed part of QD and Eq. (1, 2),
H = εc†c+ Γ(c† − c)(f + f†) + EM (f†f − 1/2), (3)
where the equalities γ1 = f + f
† and γ2 = i(f†− f) have
been used. The energy level ε measured relative to the
Fermi energy of the superconductor can be tuned by the
gate VD (Fig. 1). We assume that all the energy scales
in Eq. (3) are lower than the superconducting gap ∆ of
the SNW, so the excitations above ∆ can be neglected.
Though the coupling between the QD and SNW may
change both of their own fermion parities, the total parity
of the combined system remains conserved. Therefore
when we write the combined Hamiltonian in a matrix
form, the elements between different parities are absent.
Specifically, the 2 × 2 matrices for even (e) and odd (o)
parities can be expressed in a compressed form as
He,o =
( ∓EM/2 Γ
Γ ε± EM/2
)
, (4)
with the basis {|0〉D|0〉M , |1〉D|1〉M}e for even parity and
{|0〉D|1〉M , |1〉D|0〉M}o for odd parity, respectively, while
| · · · 〉D,M denote the fermion numbers in the QD and
Majorana bound states.
The Hamiltonian in Eq. (4) can be diagonalized di-
rectly. Taking the even parity case as an example,
the excited state |ψe,+〉 = (sin θe2 , cos θe2 ) and ground
state |ψe,−〉 = (cos θe2 ,− sin θe2 ) are corresponding to the
eigenvalues E±e =
ε
2 ±
√
( ε+EM2 )
2 + Γ2, where θe =
cot−1( ε+EM2Γ ). The results for the case of odd parity
can be obtained by a simple substitution, EM → −EM ,
and specifically, we have θo = cot
−1( ε−EM2Γ ), and E
±
o =
ε
2 ±
√
( ε−EM2 )
2 + Γ2.
We here focus on the time evolution of the initial states
(t = 0) under the variation of ε(t) and EM (t), with Γ be-
ing fixed all the time. The process can be done adiabat-
ically [13], as long as the variation of the Hamiltonian is
slowly, or more precisely, h¯ε˙ Γ2 and h¯E˙M  Γ2. The
initial state of topological qubit is assumed in a general
form of |ψ〉M = α|0〉M + β|1〉M with the normalization
condition |α|2+|β|2 = 1, and the state of the QD is set to
|0〉D by tuning its energy level in the limit of ε−EMΓ  1.
Then, we adiabatically turn on the gate voltages VD,S ,
and correspondingly, the state will slowly evolve into
|ψ(t)〉 = αeiφ(t)( cos θe
2
|0〉D|0〉M − sin θe
2
|1〉D|1〉M
)
+β
(
cos
θo
2
|0〉D|1〉M − sin θo
2
|1〉D|0〉M
)
,
(5)
with a relative phase φ(t) accumulated during the evo-
lution. The average fermion nunmber in the QD can be
calculated with respect to the ground state in Eq. (5) as
〈nD〉 = |α|2 sin2 θe
2
+ |β|2 sin2 θo
2
. (6)
This expression indicates that the topological qubit
can be measured by the occupation of the QD. To see
this point clearly, we first investigate the limiting case of
|α| = 0, i.e., a single quasiparticle occupies the Majorana
bound states initially. We fix EM to a positive value, and
then tune the energy level of the QD downward by the
gate from ε−EMΓ  1 to ε−EMΓ  −1, as sketched by Fig.
2. At first, the occupation of QD remains unchanged, un-
til ε approaches EM , where the electron in the Majorana
bound states starts to jump into the QD as in Fig. 2(a,
c), in order to lower the total energy. If we continue to
lower the energy level to the region ε−EMΓ  −1, the
occupation of the QD will be nearly 1. In the opposite
limit |α| = 1, i.e., there is no quasiparticle occupying the
Majorana bound states initially, the results may be dif-
ferent. Since there is no electron in the excitation level
EM , when the energy level ε passes by, its occupation will
not change. However, if we continue to lower the level of
the QD, when it approaches −EM , one electron in SNW
will then transfer into the QD, as shown by Fig. 2(b, d).
This result is not surprising if we take the condensate
of SNW into consideration as well. When the QD level
reaches −EM , the Cooper pair at the chemical potential
of the superconducting SNW will be splitted into two ex-
citation quasiparticles, one in the excitation state formed
by MFs and the other tunneling into the QD as in Fig.
2(b, d), for such a state is energetically favorable. As the
former case, in the limiting condition ε+EMΓ  −1, the
fermion number in QD is also nearly 1.
From above discussions we can draw an important con-
clusion that there exists an energy window −EM + Γ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FIG. 2. Reading out a topological qubit by lowering the en-
ergy level of the QD. The circles denote QDs, and the black
dots are electrons. The solid level is the fermion energy com-
posed by two MFs, while the dashed level stand for the con-
densate of the superconductor, which is filled by Cooper pairs.
(a, b) No coupling exists between MFs (as the upper inserted
box), so the ground states are parity degenerate. When the
energy level is near chemical potential 0 of the SNW, there
is an electron jump into QD, no matter the initial state is
|1〉M or |0〉M . (c, d) Coupling between MFs is introduced
by gate voltage (as the lower inserted box), and the ground
state degeneracy is lifted. The change of electron number in
the QD occurs only when the level of QD reaches EM and
−EM , corresponding to the initial states of |1〉M and |0〉M ,
respectively.
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FIG. 3. (color online) Plot of the occupation number of the
QD 〈nD〉 as a function of ε, with different values of EM . The
state of the qubit is set as |α|2 = 0.5.
ε  EM − Γ for the QD, where the fermion number in
it is 1 for state |1〉M and 0 for state |0〉M , or more gen-
erally, |β|2 for |ψ〉M = α|0〉M + β|1〉M . This property
can be utilized to read out the topological qubit. How-
ever, to achieve this goal, the condition EM  Γ should
be fulfilled. Physically, this means the broadening of the
QD level characterized by Γ is much less than the en-
- 3 0 - 2 0 - 1 0 0 1 0 2 0 3 00 . 0 0
0 . 2 5
0 . 5 0
0 . 7 5
1 . 0 0
1
0 . 8
0 . 5
0 . 2
 
 
n D
/  Γ
|  | 2 =  0
FIG. 4. (color online) Plot of the occupation number of the
QD 〈nD〉 as a function of ε, with different initial states of the
topological qubit, where the coupling strength is chosen as
EM = 20Γ.
ergy splitting EM due to the coupling between the MFs.
Therefor, the coupling between the MFs is of great im-
portance in the present proposal, which makes the origi-
nal parity degenerate states now distinguishable by their
energies. Without such coupling, the energy window is
closed, so the fermion number in QD is always the same
for both |1〉M and |0〉M at all energy scales. All the dis-
cussions and results mentioned above can be understood
more clearly with the help of the schematic tunneling
picture in Fig. 2.
Besides the above qualitative conclusion, we present
also some numerical results. The average fermion num-
ber 〈nD〉 in QD as a function of ε is shown in Fig. 3
and 4. In Fig. 3, different coupling intensities EM be-
tween MFs are enumerated with the same qubit state as
|α|2 = 0.5. It is clear that there is an platform 〈nD〉 ' 0.5
within the energy window (−EM , EM ), which can be uti-
lized to read out the topological qubit. As the window
gets broader, the measurement becomes more precise. In
the uncoupling limit EM = 0, the energy window is com-
pletely closed, as is the case of parity degeneracy. The
results are shown for different initial states of the topo-
logical qubit with EM = 20Γ in Fig. 4. The heights of
the platform are equal to |β|2.
So far, we have focused on the topological qubit com-
posed by two MFs. Given that braiding operators pre-
serve the fermion parity and the qubit state |ψ〉M =
α|0〉M+β|1〉M is a superposition of different parity states,
and thus such a qubit is not actually usable. Alterna-
tively, we may utilize four MFs to encode a topological
qubit [5, 14], as |ψ〉′M = α|00〉M + β|11〉M , where |00〉M
and |11〉M are the eigenstates of two Dirac fermions with
the former being defined by γ1,2 and the latter by γ3,4, as
shown in Fig. 1(b). Due to parity conservation, quantum
computation is performed in the same parity subspace of
two Dirac fermions. As the occupation number of both
4Dirac fermions is always the same, the qubit can be read
out either by tuning D1 or D2 (Fig. 1(b)), by utilizing
the same approach as discussed for the illustrative qubit
|ψ〉M .
Finally we would like to show that the initialization of
the topological qubit can also be achieved by adjusting
gate voltages of QDs. First we note that the topological
qubit can not be initialized without knowing its original
state. The reason is just the same as that we can not read
out the qubit when the parity degeneracy occurs. One
can always change the fermion number in the Majorana
bound states, regardless of even or odd parity. Thus the
initialization process can be achieved based on the results
already read out. Specifically, if the read out result is
|00〉M , then we can initialize the qubit to |00〉M (|11〉M )
by tune the energy levels of the QDs D1,2 to the limit
of ε−EMΓ  1 ( ε+EMΓ  −1). In the same spirit, if the
result is |11〉M , then the qubit can be initialized to |00〉M
(|11〉M ) by setting the energy level of QDs as ε+EMΓ 
−1 ( ε−EMΓ  1). It should be noted that the fermion
parity before and after the reading out process is always
opposite. After the initialization, coupling between MFs
should be removed, to regain the topological protection.
In summery, we present a proposal to read out and
to initialize topological qubits by QDs. Fusing the MFs
first by gate voltage, then the qubit is measured through
the occupation number of the QDs in the energy window
decided by the coupling strength between the MFs. The
initialization of the qubit is achieved by a following oper-
ation on QDs using gate voltages. Both processes utilize
the gate voltages only, in an all-electrical way.
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